0 for all orthonormal four-frames {e 1 , e 2 , e 3 , e 4 } and all λ, µ ∈ [−1, 1]. Similarly, the product M × R has nonnegative isotropic curvature if and only if R 1313 + λ 2 R 1414 + R 2323 + λ 2 R 2424 − 2λ R 1234 ≥ 0 for all orthonormal four-frames {e 1 , e 2 , e 3 , e 4 } and all λ ∈ [−1, 1] (cf. Proposition 3 below). Note, in particular, that condition (2) is satisfied if M is
Introduction
In a recent paper, the author and Richard Schoen proved the following theorem, which implies the differentiable sphere theorem: Theorem 3) . Let (M, g 0 ) be a compact manifold of dimension n ≥ 4. Assume that
for all orthonormal four-frames {e 1 , e 2 , e 3 , e 4 } and all λ, µ ∈ [−1 , 1] . Then the normalized Ricci flow g(t) converges in C ∞ to a constant curvature metric as t → ∞.
In this paper, we weaken the curvature assumption in Theorem 1. Our main result is the following: Theorem 2. Let (M, g 0 ) be a compact manifold of dimension n ≥ 4. Assume that (2) R 1313 + λ 2 R 1414 + R 2323 + λ 2 R 2424 − 2λ R 1234 > 0 for all orthonormal four-frames {e 1 , e 2 , e 3 , e 4 } and all λ ∈ [−1 , 1] . Then the normalized Ricci flow g(t) converges in C ∞ to a constant curvature metric as t → ∞.
The conditions (1) and (2) are closely related to the notion of positive isotropic curvature: it was shown in [2] that the product M × R 2 has nonnegative isotropic curvature if and only if 2-positive curvature operator. Hence, the main theorem in [1] is a subcase of Theorem 2.
The curvature conditions (1) and (2) are void in dimension 3. However, the conditions that M × R or M × R 2 have nonnegative isotropic curvature are meaningful even in dimension 3. For a three-manifold M , the condition that M × R 2 has nonnegative isotropic curvature is equivalent to M having nonnegative sectional curvature. Similarly, the condition that M × R has nonnegative isotropic curvature is equivalent to M having nonnegative Ricci tensor. Therefore, Theorem 2 can be viewed as a generalization of R. Hamilton's result on three-manifolds with positive Ricci curvature [3] .
Theorem 2 is related to a more general conjecture concerning the longterm behavior of the Ricci flow on manifolds with positive isotropic curvature. R. Hamilton [5] has shown that, for n = 4, the Ricci flow on manifolds with positive isotropic curvature does not develop any singularities except neckpinches. This raises the question whether a similar result holds in higher dimensions. If true, such a result would imply that the Ricci flow does not develop singularities if M × R has positive isotropic curvature. Theorem 2
gives an affirmative answer to this subcase of the general conjecture.
In Section 2, we introduce the coneC, and provide a necessary and sufficient condition for a curvature operator to lie inC. In Section 3, we construct a new convex set in the space of curvature operators that is preserved by the Hamilton ODE. This set includes the coneĈ, but is contained inC. This is the main ingredient in the proof of Theorem 2. In order to show that this set is preserved, we borrow an algebraic lemma from [2] . In Section 4, we complete the proof of Theorem 2 by constructing a pinching set in the sense of [1] .
The coneC
Let R be a curvature operator R on R n . We define a curvature operator
We denote byC the set of all curvature operators on R n with the property thatR has nonnegative isotropic curvature:C = {R :R has nonnegative isotropic curvature}.
Clearly,C is closed, convex, and O(n)-invariant. Moreover, it follows from the results in [2] thatC is invariant under the Ricci flow ODE d dt R = Q(R). The coneC can be characterized in the following way: Proposition 3. Let R be a curvature operator on R n , and letR be the induced curvature operator on R n × R. The following statements are equivalent:
(i)R has nonnegative isotropic curvature. Proof. Assume first thatR has nonnegative isotropic curvature. Let {e 1 , e 2 , e 3 , e 4 } be an orthonormal four-frame in R n , and let λ ∈ [−1, 1]. We defineẽ
SinceR has nonnegative isotropic curvature, we have Conversely, assume that (ii) holds. We claim thatR has nonnegative isotropic curvature. Let {ẽ 1 ,ẽ 2 ,ẽ 3 ,ẽ 4 } be an orthonormal four-frame in R n × R. We writeẽ j = (v j , x j ), where v j ∈ R n and x j ∈ R. Moreover, we define
By Lemma 18 in [2] , we can find an orthonormal four-frame {e 1 , e 2 , e 3 , e 4 } in R n and real numbers a 1 , a 2 such that ϕ = a 1 e 1 ∧ e 3 + a 2 e 4 ∧ e 2 ψ = a 2 e 1 ∧ e 4 + a 1 e 2 ∧ e 3 .
Using the first Bianchi identity, we obtain
1 R(e 1 , e 3 , e 1 , e 3 ) + a 2 2 R(e 1 , e 4 , e 1 , e 4 ) + a 2 1 R(e 2 , e 3 , e 2 , e 3 ) + a 2 2 R(e 2 , e 4 , e 2 , e 4 ) − 2a 1 a 2 R(e 1 , e 2 , e 3 , e 4 ).
The condition (ii) implies that the right hand side is nonnegative, i.e.
This shows thatR has nonnegative isotropic curvature.
New invariant curvature conditions
Let R be an algebraic curvature operator on R n . We consider the ODE
Note that R 2 and R # do not satisfy the first Bianchi identity, but R 2 + R # does. The following lemma is a consequence of the results in Section 2 of [2] , and plays a key role in our analysis: − (R(e 1 , e p , e 3 , e q ) + R(e 2 , e p , e 4 , e q )) (R(e 3 , e p , e 1 , e q ) + R(e 4 , e p , e 2 , e q )) + (R(e 1 , e p , e 4 , e q ) − R(e 2 , e p , e 3 , e q )) (R(e 4 , e p , e 1 , e q ) − R(e 3 , e p , e 2 , e q )).
We claim that the right hand side is nonnegative. A direct computation yields 4 p,q=1
Hence, the assertion follows from Propositions 6 and 8 in [2] .
Given any curvature operator R on R n , we define a new curvature operator 
Proof. Assume first thatR has nonnegative isotropic curvature. Let {e 1 , e 2 , e 3 , e 4 } be an orthonormal four-frame in R n , and let λ, µ ∈ [−1, 1]. We defineê 1 = (e 1 , 0, 0)ê 2 = (µe 2 , 0, 1 − µ 2 ) e 3 = (e 3 , 0, 0)ê 4 = (λe 4 ,
Clearly, the vectors {ê 1 ,ê 2 ,ê 3 ,ê 4 } form an orthonormal four-frame in R n × R 2 . SinceR has nonnegative isotropic curvature, we have 
Clearly, ϕ ∧ ϕ = ψ ∧ ψ and ϕ ∧ ψ = 0. By Lemma 19 in [2] , there exists an orthonormal basis {e 1 , e 2 , e 3 , e 4 } of V and real numbers a 1 , a 2 
Using the identity v
From this we deduce that
Putting these facts together, we obtain 
The condition (ii) implies that the right hand side is nonnegative. Therefore,
as desired.
Corollary 6. The set E is contained in the coneC. Moreover, we have E +Ĉ = E, whereĈ denotes the cone introduced in [2] .
We will show that E is invariant under the ODE d dt R = Q(R). To that end, we need the following algebraic fact:
Proposition 7. Assume thatR has nonnegative isotropic curvature. Moreover, suppose that {ê 1 ,ê 2 ,ê 3 ,ê 4 } is an orthonormal four-frame in R n × R 2 satisfyinĝ
Proof. SinceR has nonnegative isotropic curvature, we havê
Moreover, it is easy to see that
Putting these facts together, we obtain
Since Q(R) satisfies the first Bianchi identity, the assertion follows.
Proof. Fix ε > 0, and denote by R ε (t) the solution of the ODE d dt R ε (t) = Q(R ε (t)) + εI with initial condition R ε (0) = R(0) + εI. The function R ε (t) is defined on some time interval [0, T ε ). We claim that R ε (t) ∈ E for all t ∈ [0, T ε ). To prove this, we argue by contradiction. Suppose that there exists a time t ∈ [0, T ε ) such that R ε (t) / ∈ E. Let
Clearly, τ > 0 and R ε (τ ) ∈ ∂E. By Proposition 5, we can find an orthonormal four-frame {e 1 , e 2 , e 3 , e 4 } and real numbers λ, µ ∈ [−1, 1] such that R ε (τ )(e 1 , e 3 , e 1 , e 3 ) + λ 2 R ε (τ )(e 1 , e 4 , e 1 , e 4 ) + µ 2 R ε (τ )(e 2 , e 3 , e 2 , e 3 ) + λ 2 µ 2 R ε (τ )(e 2 , e 4 , e 2 , e 4 ) − 2λµ R ε (τ )(e 1 , e 2 , e 3 , e 4 ) + (1 − λ 2 ) (1 − µ 2 ) = 0.
Hence, we may apply Proposition 7 withê 1 = (e 1 , 0, 0),ê 2 = (µe 2 , 0, 1 − µ 2 ), e 3 = (e 3 , 0, 0),ê 4 = (λe 4 , √ 1 − λ 2 , 0). Using Proposition 7, we obtain Q(R ε (τ ))(e 1 , e 3 , e 1 , e 3 ) + λ 2 Q(R ε (τ ))(e 1 , e 4 , e 1 , e 4 ) 
This implies R ε (t) / ∈ E, which contradicts the definition of τ . Thus, we conclude that R ε (t) ∈ E for all t ∈ [0, T ε ). Since R(t) = lim ε→0 R ε (t) for all t ∈ [0, T ), the proof is complete.
Following Böhm and Wilking [1] , we define a family of linear transformations l a,b on the space of curvature operators by
Here, Ric and scal denote the Ricci tensor and scalar curvature of R, respectively. Using results of Böhm and Wilking [1] , we obtain:
Proposition 9. Assume that 0 < b ≤ √ 2n(n−2)+4−2 n(n−2) and 2a = 2b+(n−2)b 2 .
Then the set l a,b (E) is invariant under the ODE d dt R = Q(R).
Proof. By Theorem 2 in [1] , it suffices to show that the set E is invariant
It follows from Corollary 6 that every curvature operator R ∈ E has nonnegative Ricci curvature. Thus, we conclude that D a,b (R) ≥ 0 for all R ∈ E.
Since E is invariant under the ODE d dt R = Q(R), the assertion follows.
Proof of the main theorem
In order to complete the proof of Theorem 2, we need to construct a "pinching set" in the sense of [1] . To that end, we adapt the construction in Section 3 of [2]:
Proposition 10. Let K be a compact set which is contained in the interior ofC. Then there exists a set F with the following properties:
Proof. Since K is contained in the interior ofĈ, we have Without loss of generality, we may assume that N = 1. Hence, K is contained in the interior of the set E. We next define F 1 = l a,b (E), where a and b are real numbers satisfying 0 < b < √ 2n(n−2)+4−2 n(n−2) and 2a = 2b + (n − 2)b 2 . We choose b > 0 small enough so that K ⊂ F 1 and 2(n − 1)a ≤ 1. Clearly, F 1 is closed, convex, and O(n)-invariant. Moreover, F 1 is invariant under the ODE d dt R = Q(R) by Proposition 9. In the next step, we consider the conesĈ(s), s > 0, constructed in [2] . By continuity, we can find a real number s 1 > 0 such that l a,b (Ĉ) ⊂Ĉ(s 1 ). Note that R + I ∈Ĉ for every curvature operator R ∈ E. (This is a consequence of Proposition 5 and Proposition 20 in [2] .) This implies l a,b (R) + (1 + 2(n − 1)a) I = l a,b (R + I) ∈ l a,b (Ĉ) ⊂Ĉ(s 1 ) for all R ∈ E. Since 2(n − 1)a ≤ 1, we conclude that Using Proposition 15 in [2] , we can construct an increasing sequence of positive real numbers s j , j ∈ N, and a sequence of sets F j , j ∈ N, with the following properties:
(i) For each j ∈ N, the set F j is closed, convex, and O(n)-invariant.
(ii) For each j ∈ N, the set F j is invariant under the ODE d dt R = Q(R). for all j ≥ 2. (iv) s j → ∞ as j → ∞. Since K ⊂ F 1 ∩ {R : tr(R) ≤ 2}, we conclude that K ⊂ F j for all j ∈ N.
We now define F = ∞ j=1 F j . Clearly, F is a closed, convex, O(n)-invariant set, which is invariant under the ODE d dt R = Q(R) and contains the set K. Moreover, we have F ⊂ {R : R + 2 j I ∈Ĉ(s j )} for all j ∈ N. It is now straightforward to show that F has all the required properties.
Having established the existence of a "pinching set", we obtain the following result:
Theorem 11. Let (M, g 0 ) be a compact Riemannian manifold of dimension n ≥ 4. Assume that the curvature tensor of (M, g 0 ) lies in the interior of the coneC for all points in M . Then the normalized Ricci flow with initial metric g 0 converges to a metric of constant sectional curvature as t → ∞.
Proof. This follows from the arguments used in the proof of Theorem 5.1 in [1] .
